Elastomers show a significant dependence on predeformation and frequency when they are loaded with large static predeformations superimposed by harmonic deformations of small amplitude. In order to investigate this predeformation-and frequency-dependent material behaviour some quasi-static and dynamic experiments are carried out. Based on the experimental facts and further approaches of Haupt and Lion (2002) and Lion et al. (2009) , a recently developed constitutive model of finite viscoelasticity is extended to take the dependence on the predeformation of storage-and loss-modulus into account. In terms of computation efficiency, we make use of a formulation in the frequency domain. Therefore the constitutive equations are geometrically linearised in the neighbourhood of the predeformation and evaluated in frequency domain. Finally the constitutive model is formulated for incompressible materials and the dynamic modulus tensors are derived. Additionally the process of parameter identification and some first numerical simulation results will be shown.
Introduction
The mentioned loadcase of large static predeformation superimposed by small harmonic vibrations can be found in many applications, e.g. engine mounts and automotive tires. Taking engine mounts into account the large static predeformation is caused by the weight of the engine and will be superimposed by small harmonic vibrations typically reaching up to 10 kHz when the engine is running. Due to the typical application area of engine mounts, the material behaviour of elastomers below the glass transition is not relevant. The glass transition is reached when the temperature-dependent relaxation times of the elastomer are comparable with the time scale of the mechanical excitation. Below the glass transition, the stiffness of elastomers increases over several orders of magnitude. Due to changes in material stiffness and damping effects as a function of predeformation and frequency the mentioned loadcase will cause vibrations and noise, especially at frequencies where resonsance and inertia effects occur. Since high driving comfort is a very important topic in modern car industry it is of great importance to reduce generated vibrations and noise. Therefore it is straight forward to make use of simulations in the frequency domain to reduce experimental testing, time and costs. In order to improve the mechanical properties of rubber-like materials, the industry mostly uses filler particles like silica or carbon black (Guy and Daudey, 2009; Kohls, 2006; Mihara, 2009) . These particles lead to additional cross-links which allow to change the material behaviour of the final product, e.g. higher stiffness and crack-resistance or better adhesion behaviour of tires. To examine the dynamic material behaviour of filler-reinforced rubber it is straight forward to make use of the Dynamical Mechanical Analysis (DMA). The material is loaded with an oscillating elongation and its response is analysed in form of the force signal (Menard, 1999) . In experimental investigations filler-reinforced rubber shows lots of nonlinear effects. One of these nonlinearities is the pronounced dependence of the material behaviour on the dynamic strain amplitude, which is often mentioned as the Payne-effect (Payne, 1962) . It can be described as a reversible softening with increasing dynamic strain amplitude which finally leads to a decrease in the storage-modulus. As a possible interpretation of this amplitude-dependent softening Lion (2006) and Lion and Kardelky (2004) assume that the effect is related to filler-filler and filler-rubber interaction and can be described through breakage-and recovery-effects of the network during cyclic loading. Detailed investigations and discussions of the Payne effect can be found in several works of e.g. Dutta and Tripathi (1992) , Höfer and Lion (2009) , , Lion (2000) , Lion and Kardelky (2004) or Payne (1961) and Payne (1962) . Additionally, Robertson and Wang (2006) revealed a more complicated historydependence of the Payne effect by pretraining the specimen at certain strain amplitudes. By training the specimen with a special loading history they observed a reduction in the loss-modulus at a certain strain amplitude which they called hole-burning. More complex experiments with bimodal excitations were done by Rendek and Lion (2010) or Wrana et al. (2003) . On the side of constitutive modelling of the amplitude-dependence one can find a lot of different approaches. A well known approach is the micromechanical model of Kraus (Kraus, 1966) . It is only available in the frequency-domain and focused on the amplitude-dependent behaviour of the rubber-filler microstructure by taking destruction and reorganisation rates into account. Another approach which is available in the time-and the frequency-domain is the concept of fractional derivates which was applied e.g. by Lion and Kardelky (2004) . A linearised version of Simo's model with focus on amplitude-dependent dynamic modulus and simulations in frequencydomain can be found in works of Höfer (2007) and Höfer and Lion (2009) . Frequency-domain formulations using fractional derivates are published e.g. in works of and . Höfer (2007) , Höfer and Lion (2009) and Rendek and Lion (2009) use a formulation with process dependent viscosities which is available in the time-and the frequency-domain. Since our work is focused on the predeformation-and frequencydependent material behaviour in the vibrational range with dynamic strain amplitudes smaller than 0.1% we do not take amplitude-dependence into account. Another well known softening effect is the Mullins effect (Büche, 1961; Mullins, 1948) . It can be described as a stress-softening of especially virgin elastomers which occurs in the first loading cycle. The effect depends on the maximum value of strain in the history and will occur again if the material is loaded with strains that are higher than those in the past. In contrast to the Payne effect, the Mullins effect is irreversible at room temperature and occurs at filled and unfilled elastomers. Detailed investigations and constitutive approaches can be found in several articles, e.g. of Govindjee and Simo (1991) , Ihlemann (2005) , Kaliske and Rothert (1998) , Lion (1996) , Marckmann et al. (2002) , Miehe (1995) , Simo (1987) or Mullins (1969) . Since engine mounts of passenger cars are dynamically deformed in three spatial dimensions, the softening during the first few cycles is not relevant for its vibroacoustic response behaviour. In the current study it is assumed, that the elastomer is in a stationary state with regards to the Mullins effect so that stress-softening is not taken into account. Therefore all specimen will be preconditioned before testing so that we can exclude the Mullins effect. In the process of preconditioning the specimen will be loaded with strain amplitudes which are greater than those which occur in the following experimental tests. The material nonlinearitiy we are focused on, is the pronounced dependence of filler reinforced rubber on the predeformation and the frequency. Detailed investigations and constitutive modelling was done e.g. in the works of Lion et al. (2009) , Kari (2003) or Suwannachit and Nackenhorst (2010) . In the case of frequency-dependence an increase in the material's stiffness (storage-modulus) and damping (loss-modulus) with increasing frequency can be observed. Lion et al. (2009) found in their work that higher predeformations lead to a decrease in the material's stiffness and damping whereas Kim and Youn (2001) observed are more complicated behaviour. Furthermore there are several papers which deal with preload-and/or frequency-dependence of filler-reinforced rubber (Tárrago et al., 2005; .
In order to simulate the predeformation and frequency-dependent material behaviour in a wide frequency range up to 10 kHz we will first reveal some quasi-static and dynamic experiments to investigate the predeformation-and frequency-dependence of a carbon-black filled SBR with 20 phr of filler particles. The quasi-static experiments are focused on the equilibrium stress where the dynamic experiments are used to determine the dynamic material behaviour with respect to predeformation-and frequency-dependence. Based on the experimental facts we develop a constitutive approach that is able to describe the predeformationand frequency-dependent behaviour with respect to the storageand the loss-modulus. Since the strain-amplitudes of interest are smaller than 10 À3 , amplitude-dependent effects like the Payne-effect will not be taken into account. The constitutive approach is based on a further model of Lion et al. (2009) and will be extended by deformation-dependent stiffnesses to describe the predeformation-dependence of the storage-and the loss-modulus. It should be remarked here, that classical approaches of finite viscoelasticity which are defined by a relation of nonlinear elasticity in combination with a series of Maxwell-elements formulated using the multiplicative elastic-inelastic split of the deformation gradient can not describe the dependence of the loss-modulus on the predeformation. In order to make the nonlinear constitutive equations applicable for the frequency-domain they will first be geometrically linearised in the neighbourhood of the predeformation as also done by Haupt and Lion (2002) and Lion et al. (2009) . After that we refer to an ansatz of Haupt (2000) and transform the linear constitutive equations into the frequency-domain. A method to implement such a frequency-domain formulation into Finite Element software is provided by the work of Morman and Nagtegaal (1983) using so-called Phi-functions. Besides experimental investigations and constitutive modelling, we will present the process of parameter identification and some numerical simulation results to reveal the performance of the constitutive model.
Static experiments
The experimental investigations are focused on the predeformation-and frequency-dependent behaviour of a carbon-black SBR with 20 phr of filler particles and a shore hardness of 50. For a closer investigation of the predeformation-dependent material behaviour some quasi-static experiments are carried out. To exclude the Mullins-effect, which is known as a stress softening of virgin material in the first loading cycle (Büche, 1961; Mullins, 1948; Mullins, 1969) , the specimens are preconditioned before testing. Focusing on the equilibrium or basic stress response we make use of multistep experiments at different strains with holding times of one hour. The loading process and the resulting stress response over time are shown in Fig. 1 for the uniaxial tension mode. Taking the great amount of different loading states in reality into account, we use three different deformation modes including uniaxial tension up to 80% strain, compression up to 30% strain and pure shear up to 60% strain. Taking a closer look on the stress response of the material shown in Fig. 1 we can see, that corresponding loading and unloading paths show different relaxation behaviour. In order to determine the equilibrium stress, we calculate the tangent vectors of the corresponding relaxation curves under loading and unloading during the last five minutes and calculate the intersection point. This method is a reproducible technique to determine the equilibrium stress. The results for the basic elasticity of all three deformation modes are plotted in Fig. 2 as a function of the stretch.
Dynamic experiments
In order to investigate the predeformation-and frequencydependent material behaviour under snall dynamic excitations we make use of DMA tests (Dynamic Mechanical Analysis). The loading process consists of a large static predeformation e 0 and a superimposed harmonic excitation of small amplitude De
where x is the angular frequency (Fig. 3) . In this figure, L 0 and A 0 denote the length and the surface area of the undeformed specimen, L s and A s are related to the statically predeformed specimen and L d and A d describe the geometry of the dynamically loaded specimen. Like before all specimens are preconditioned to avoid the Mullins-effect. Furthermore we have to avoid a second softening effect, the so-called Payne-effect (Payne, 1962) . It is an amplitude-dependent stress-softening effect which leads to a decrease in the storage-modulus for higher dynamic strain amplitude and a maximum of the loss-modulus at middle strains. If the amplitude-dependence of the material should be taken into account, the reader is refered to Höfer and Lion (2009) or Lion and Kardelky (2004) . In order to determine the maximum amount of dynamic strain without any amplitude-dependence we apply amplitude-sweep tests. The specimen is loaded with a constant static predeformation of 10% and superimposed by stepwise changing harmonic amplitudes from 0,01% dynamic strain up to 10% dynamic strain at a constant frequency of 10 Hz. The results are plotted in Fig. 4 and reveal a nearly constant storage-and lossmodulus at small dynamic strains. Thus we assume that the investigated material exhibits no amplitude-dependent stress-softening until 1% dynamic strain. A similar limitation was also observed by Lion et al. (2009) . It should be remarked, that this limit of linearity depends on the composition of the elastomer. In general, higher contents of carbon black lead to a shift of this limit to smaller dynamic strains. In the case of unfilled elastomers, no amplitude-dependence occurs (Payne, 1962) . To consider the frequency-dependent material behaviour, frequency-sweeps tests with stepwise changing frequency from 0.5 Hz up to 50 Hz at constant predeformation and constant dynamic strain amplitude are used. The range of investigated predeformations is up to 40% in uniaxial tension mode and up to 20% in compression mode. The dynamic strain amplitude is set to 0.1% such that the Payne-effect can be neglected. In order to extend the frequency range, we make use of temperature-frequency shifting techniques and generate a mastercurve. Therefore we have to investigate the temperature-dependence of storage-and loss-modulus by doing the measurement at different temperatures. Since we are focused on the application of engine mounts we are not interested in the material behaviour below the transition temperature so that the measuring temperature is varied between À30 C and 50 C and the reference temperature for the shifting process is set to 20 C. On the basis of these conditions, we are able to shift the measured curves on the logarithmically scaled frequency axis in horizontal direction to generate the mastercurve. To visualize the shifting process, the measurements of storage-modulus for a predeformation of 10% at different temperatures and the generated mastercurve are shown in Fig. 5 . More detailed information about the shifting technique can be found e.g. in works of Klompen and Govaert (1999) , Klüppel (2008) or Schwarzl and Zahradnik (1980) . As said before, the predeformation-dependent material behaviour is investigated by performing these measurements at different predeformations of 10% and 20% of strain in compression mode and 10%, 20%, 30% and 40% of strain in tension mode. In Fig. 6 , the predeformation-and frequency-dependence of the investigated carbon-black filled rubber can be seen. Storage-and loss-modulus show the same behaviour in the way, that higher frequencies lead to greater modulus and a higher predeformation results in lower modulus. In the case of technical applications, for example if one and the same engine mount should be used to support heavier or lighter engines, these effects lead to shiftings in the eigen frequencies and the damping behaviour of the structure.
Constitutive approach
The developed constitutive approach of finite viscoelasticity is focused to represent the predeformation-and frequency-dependent material behaviour of filler-reinforced rubber with respect to storage-and loss-modulus. For the fundamentals in nonlinear continuum mechanics and material modelling the reader is refered to Haupt (2000) or Holzapfel (2000) . The basis of the constitutive approach is the proposed model of Lion et al. (2009) and will be modified to represent the frequency-and predeformation-dependent behaviour of both moduli by using a deformation-dependent relaxation function. In the approaches developed by Lion et al. (2009) and by Höfer and Lion (2009) , the predeformation-dependence of the dynamic moduli was not in the center of the studies. In both models, only the storage modulus depends on the predeformation but the loss modulus exhibits no dependence on it. Rendek (2010) studied the model developed by Simo and Huges (2000) . In this model both moduli exibit the same dependence on the predeformation (cf. Suwannachit and Nackenhorst, 2010 for details). As motivated by the experimental observations in the last section, it is the aim of the current paper to develop a consistent approach in which both dynamic moduli exhibit a different dependence on the predeformation. The constitutive model is formulated in the time domain and the dynamic moduli are calculated by geometrical linearisation in the vicinity of the static predeformation. In order to formulate the free energy function we make use of a double decomposition of the deformation gradient FðtÞ. Taking finite strains into account, the deformation gradient is firstly multiplicatively decomposed into an isochoric partFðtÞ and a volumetric part FðtÞ FðtÞ ¼ FðtÞFðtÞ with
Since we assume incompressible material behaviour, the Jacobian determinante J is equal to 1 such that there are no changes in volume. Based on the isochoric deformation gradientFðtÞ we introduce the isochoric Right Cauchy Green tensorĈðtÞ and the isochoric Piola strain tensorêðtÞ
CðtÞ ¼F T ðtÞFðtÞ;êðtÞ ¼ 1 2 ðĈ À1 ðtÞ À 1Þ:
The isochoric part of the deformation gradient is multiplicatively decomposed in the time-domain, such that we get the relative isochoric deformation gradient F t ðsÞ ¼FðsÞF À1 ðtÞ f € ur 0 6 s 6 t:
It maps tangent vectors of the current isochoric configuration at the time t to a previous isochoric configuration at the time s. 
Note that in this equation,ĈðtÞ is assumed to be constant and will not be differentiated. Based on Eqs. (9) and (10) 
The remaining residual inequality reads as
Like it was already proven by Haupt and Lion (2002) the residual inequality is satisfied for arbitrary deformations because trðê t ðsÞÞ P 0 holds.
Geometric linearisation
To evaluate the constitutive equations for small harmonic deformations in the frequncy-domain, the model will first be linearised in the neighbourhood of the static predeformation F 0 . Refering to Lion et al. (2008) and Lion et al. (2009) 
we define
FðtÞ ¼ fðtÞF 0 with fðtÞ ¼ 1 þ hðtÞ and jjhjj 6 1;
where hðtÞ describes the incremental displacement around the static predeformation. From this on, the linearisation of the transposed, the inverse and the inverse transposed of the deformation gradient read as
Additionally, we introduce the incremental strain tensor and its deviatoric part
Based on these definitions, we can calculate the following approximations
After some calculation, the fourth order projection tensor can be approximated as
Since we are interested in the linearisation of the constitutive model, it is sufficient to calculate the constant contribution. The linearisation of P 4 would lead to quadratic terms in the stress response, which are neglected in our approximation. The second fourth order projection tensor is defined as
and allows to transform the constitutive equations back to the predeformed configuration
Considering these equations, we obtain the linearised version of the Second Piola Kirchhoff stress tensor T lin ðtÞ ¼ 2 @W eq ðCðtÞÞ @CðtÞ
The first term is the equilibrium stress defined by the static predeformation C 0 , the second term is the equilibrium stress resulting from the dynamic excitation around the predeformation and the third term is the linear approximation of the viscoelastic overstress.
Dynamic modulus tensor
To calculate the dynamic modulus tensor, the constitutive equations will be evaluated in the frequency-domain. For this purpose we assume the static predeformation F 0 to be constant in time and evaluate the linearised constitutive model for incremental harmonic deformations
with the amplitude of excitation DE lin and the angular frequency x.
After inserting this relation into the third term of the Second Piola Kirchhoff stress tensor, we finally reach the stationary solution for large times
Taking this solution into account, we obtain the Second Piola Kirchhoff stress tensor for small harmonic displacements around the predeformed statẽ
Incompressibility
To formulate the constitutive model for incompressible material behaviour we introduce the constitutively undetermined pressure p which is defined by the sum of a static pressure part p 0 coming from the static predeformation and a dynamic pressure part Dp resulting from the small harmonic displacements
Expanding the Clausius-Duhem inequality by the pressure term p
leads after some calculation to the final version of the Second Pioala Kirchhoff stress tensor
The dynamic modulus tensor of fourth order reads as
In the case of incompressibility we have trðDE lin Þ ¼ 0 such that the term in (20) 1 3
and the fourth order projection tensor changes to
A way to implement this equation into Finite Element software in the frequency domain by using so called Phi-functions can be found in the paper of Morman and Nagtegaal (1983) .
Parameter identification
The process of parameter identification includes the identification of the static and the dynamic parameters and is based on an error minimisation between the experimental and the numerical data
To this end, standard identification tools were used, which are implemented in the mathematical software MATLAB Ò . Considering later FEM implementation in the software MSC Marc Ò we have the possibility of using a classical Mooney-ansatz with five material parameters C 10 ; C 20 ; C 30 ; C 11 and C 01 for the equilibrium part of the free energy function
in which I C and II C are the first and second invariants of the Right Cauchy Green tensor. Refering to the experimental results of the materials' equilibrium response in uniaxial tension, compression and pure shear (Fig. 2) we only make use of the linear parts of the free energy function with the parameters C 10 and C 01 . The other ones are set constant to zero for the identification process. Based on the Second Piola Kirchhoff stress tensor the process of parameter identification is separated into the identification of the static part
and the identification of the dynamic part
Static part
To identify the static part, we need the first derivative of the equilibrium part of the free energy function which reads after some calculation as
For uniaxial tension and compression of incompressible materials, the deformation gradient and the Right Cauchy Green tensor read as
where k is the stretch. Inserting Eqs. (36) and (37) into Eq. (34) and taking the boundary condition e T 0;22 ¼ 0 into account, we obtain the one dimensional stress-strain relation under uniaxial tension and compression
In the case of pure shear the procedure is similar. The deformation gradient and the Right Cauchy Green tensor are defined as 
which finally leads to the one dimensional stress-strain relation under pure shear
Dynamic part
In order to identify the dynamic material parameters for the tension-and compression-mode, we need the second derivative of the equilibrium part of the free energy function, which reads after some calculation as
Additionally, we need the following relations Eqs. (37), (43) and (44), the one dimensional relation in loading direction reads as
As we want to identify storage-and loss-modulus, we will divide Eq. (45) by e d and separate the real and imaginary parts. This leads after some calculations to the desired equations for the storage-and loss-modulus
G 00 ðxÞ ¼ 3
where the storage-modulus G 0 ðxÞ is the real part and the loss-modulus G 00 ðxÞ is the imaginary part of Eq. 
with the additional materialparaters a k , which can be interpreted as shifting factors.
Simulation results
The simulation results for the equilibrium stress response are shown in Fig. 7 . They reveal a very good matching between the experimental data and the simulated data for all deformation modes. The results for the dynamic material response with respect to the predeformation-and frequency-dependent material behaviour also match very well in a frequency-domain over seven decades of magnitude using ten Maxwell elements (Fig. 8) . The identified static and dynamic material parameters are listed in Tables 1 and 2.
Conclusion
The experimental investigations of a carbon filled rubber revealed a significant dependence on predeformation and frequency. In order to describe this material behaviour we introduced a constitutive approach of finite viscoelasticity and derived the dynamic modulus tensor in the frequency-domain. Parameter identification and numerical simulation proved that the developed constitutive approach is able to describe the predeformation-and frequencydependence with respect to storage-and loss-modulus in a very good way. Based on the proposal of Morman and Nagtegaal (1983) the Finite Element implementation will be done in a running project. Additionally experimental validation will be done at compound structures of metal and rubber by taking resonance and inertia effects into account. 
